Abstract. An le-semigroup, is a semigroup S at the same time a lattice with a greatest element e (e ≥ a for every a ∈ S) such that a(b ∨ c) = ab ∨ ac and (a ∨ b)c = ac ∨ bc for all a, b, c ∈ S. If S is not a lattice but only an upper semilattice (∨-semilattice), then is called ∨e-semigroup. A poe-semigroup is a semigroup S at the same time an ordered set with a greatest element e such that a ≤ b implies ac ≤ bc and ca ≤ cb for all c ∈ S. Every ∨e-semigroup is a poe-semigroup. If S is a semigroup or a Γ-semigroup, then the set P(S) of all subsets of S is an le-semigroup. If S is an hypersemigroup, then the set P * (S) of all nonempty subsets of S is an le-semigroup. So all the results of le-semigroups, ∨e-semigroups and poe-semigroups based on ideal elements, automatically hold for semigroups, Γ-semigroups and hypersemigroups. This is not the case for ordered Γ-semigroups or ordered hypersemigroups; however the main idea, even in these cases, comes from the le (∨e)-semigroups. As an example, we study the weakly prime ideal elements of a ∨e-semigroup and their role to the different type of semigroups mentioned above.
Introduction
If S is a semigroup or a Γ-semigroup, then the set of (all) subsets of S is a poesemigroup, a ∨e-semigroup and an le-semigroup. If S is an hypersemigroup, then the set of (all) nonempty subsets of S is a poe-semigroup, a ∨e-semigroup and an le-semigroup. Every le-semigroup is a ∨e-semigroup and every ∨e-semigroup is a poe-semigroup. So many results on Γ-semigroups or hypersemigroups do not need any proof, unless we would like to know how an independent proof on these structures works. This is not the case for ordered semigroups, ordered Γ-semigroups or ordered hypersemigroups; however the main idea, even in these cases, comes from the le (∨e) or poe-semigroups.
In the present paper we first characterize the weakly prime and weakly semiprime ideal elements of a ∨e-semigroup S in terms of right and left ideal elements of S and show that
Preliminaries
An ordered groupoid (po-groupoid) is a groupoid S at the same time an ordered set such that a ≤ b implies ac ≤ bc and ca ≤ cb for all c ∈ S. A ∨-groupoid is a groupoid S at the same time an upper semilattice such that (a ∨ b)c = ac ∨ bc and a(b ∨ c) = ab ∨ ac for all a, b, c ∈ S. If S is not only an upper semilattice, but a lattice, then it is called a lattice ordered semigroup (or an l-semigroup) [2, 4] (see also [1] ). By a poe-groupoid, ∨e-groupoid or le-groupoid we mean a po-groupoid, ∨-groupoid or l-groupoid S, respectively, having a greatest element usually denoted by "e" (i.e. e ≥ a for every a ∈ S). If the multiplication on a po-groupoid S is associative, then S is called a po-semigroup. In a similar way we have the ∨e-semigroups and the le-semigroups.
In a poe-groupoid S, an element a is called a right ideal element if ae ≤ a, it is called a left ideal element if ea ≤ a. An element which is both a right and a left ideal element is called an ideal element [6] (see also [2; p. 328]). We denote by F r (resp. F l ) the set of right (resp. left) ideal elements of S.
A nonempty set A of a groupoid (S, ·) is called a right (resp. left) ideal of S if AS ⊆ A (resp. SA ⊆ A). It is called an ideal of S if it is both a right and left ideal of S [3, 17] . If S is an ordered groupoid, then a nonempty subset A of S is called a right (resp. left) ideal of S, if it is an ideal of the semigroup (S, ·) and, in addition, if a ∈ A and S b ≤ a, then b ∈ A [7] . Either for a groupoid or for an ordered groupoid, sets that are both right and left ideals are called ideals.
For sets A, B and Γ, the symbol AΓB denotes the set of all aγb with a ∈ A, b ∈ B, γ ∈ Γ. If A = ∅ or B = ∅, we define AΓB = ∅. Definition 2.1.
[10] Let S and Γ be two nonempty sets. The set S is called a Γ-groupoid if the following two assertions are satisfied:
(2) If a, b, c, d ∈ S and γ, µ ∈ Γ such that a = c, b = d and γ = µ, then aγb = cµd.
If, in addition, for all a, b, c ∈ S and all γ, µ ∈ Γ, we have the property (3) (aγb)µc = aγ(bµc) then S is called a Γ-semigroup. Definition 2.1 is the definition of a Γ-semigroup introduced by Sen and Saha in [19] in which the missing uniqueness condition (2) has been added (for details, see [10] ).
In other words, a Γ-semigroup is a set of binary operations on S and condition (3) of Definition 2.1 is satisfied.
For an application of Γ-semigroup techniques to the Green's theorem we refer to [14] . Let us give an example of a Γ-semigroup (see [10; Example 2(B)]): Consider the set S = {a, b, c} and let Γ = {γ, µ} be the set of two binary operations on S defined by the tables below:
We have (xρy)ωz = xρ(yωz) for all x, y, z ∈ S and all ρ, ω ∈ Γ, so S is a Γ-semigroup. A Γ-groupoid (S, Γ) endowed with an order relation "≤" such that a ≤ b implies aγc ≤ bγc and cγa ≤ cγb for all c ∈ S is called an ordered Γ-groupoid (po-Γ-groupoid) [20] .
A nonempty subset A of a Γ-groupoid S is called a right (resp. left) ideal of S if AΓS ⊆ A (resp. SΓA ⊆ A). A nonempty subset A of a po-Γ-groupoid S is called a right (resp. left) ideal of S if it is a right (resp. left) ideal of the Γ-semigroup S and, in addition, if a ∈ A and S b ≤ a, then b ∈ A [10] . In both cases, A is called an ideal of S if it is both a right and a left ideal of S.
Remark 2.2. If (S, Γ) is a Γ-semigroup then, for any subsets A, B, C of S, we have (AΓB)ΓC = AΓ(BΓC). Indeed, if x ∈ (AΓB)ΓC, then x = (aγb)µc = aγ(bµc) for some a, b, c ∈ S and γ, µ ∈ Γ and so x ∈ AΓ(BΓC). Similarly we have AΓ(BΓC) ⊆ (AΓB)ΓC. Lemma 2.3. If (S, Γ) is a Γ-groupoid then, for any subsets A, B, C of S, we have
Proof. (1) Since A∪B ⊇ A and A∪B ⊇ B, we have (A∪B)ΓC ⊇ AΓC and (A∪B)ΓC ⊇ BΓC and so (A ∪ B)ΓC ⊇ AΓC ∪ BΓC. Let now x ∈ (A ∪ B)ΓC. Then x = tγc for some t ∈ A ∪ B, γ ∈ Γ, c ∈ C. If t ∈ A, then x ∈ AΓC; if t ∈ B, then x ∈ BΓC and so x ∈ AΓC ∪ BΓC. The proof of property (2) is similar.
An hypergroupoid is a nonempty set S with an hyperoperation
and an operation * : P * (S) × P * (S) → P * (S) | (A, B) → A * B on P * (S) (induced by the operation of S) such that A * B = (a,b)∈ A×B (a • b) for every A, B ∈ P * (S). P * (S) denotes the set of all nonempty subsets of S. Clearly, x ∈ A * B if and only if there exist a ∈ A and b ∈ B such that x ∈ a • b. As one can easily see, for any x, y ∈ S, we have {x} * {y} = x•y. An hypergroupoid S is called hypersemigroup if {x} * (y •z) = (x•y) * {z} for every x, y, z ∈ S [11, 13] .
The concept of an ordered groupoid can be naturally transferred to ordered hypergroupoids as follows: An hypergroupoid (S, •) is called ordered hypergroupoid if there exists an order relation "≤" on S such that a ≤ b implies a • c b • c and c • a c • b for any c ∈ S in the sense that for every u ∈ a • c there exists v ∈ b • c such that u ≤ v and for every u ∈ c • a there exists v ∈ c • b such that u ≤ v [18] .
A nonempty subset A of an hypergroupoid (S, •) is called a right (resp. left) ideal of S if A * S ⊆ A (resp. S * A ⊆ A). If, in particular, the hypergroupoid S is an ordered hypergroupoid, then a set A is called a right (resp. left) ideal of S if A is a right (resp. left) ideal of the hypergroupoid (S, •) and, in addition if a ∈ A and S b ≤ a implies b ∈ A. Both for hypergroupoids or ordered hypergroupoids the sets that are at the same time right and left ideals are called ideals. The following lemma has been proved in a more general case in [13; Proposition 7] . Since this lemma plays an essential role in the present paper, for the sake of completeness, we will give its proof.
Lemma 2.5. If (S, •) is an hypergroupoid then, for any nonempty subsets A, B, C of S, we have For a nonempty subset A of a semigroup, ordered semigroup, Γ-semigroup, ordered Γ-semigroup, hypersemigroup or ordered hypersemigroup S, we denote by I(A) the ideal of S generated by A, and we have
, respectively; where for a subset B of S, the symbol (B] denotes the subset of S defined by {t ∈ S | t ≤ b for some b ∈ B}.
When is convenient and no confusion is possible, we identify the singleton {a} by the element a.
On ∨e-semigroups
Let (S, ·, ≤) be a poe-groupoid. An element m of S is called weakly prime if for any ideal elements a, b of S such that ab ≤ m we have a ≤ m or b ≤ m. It is called weakly semiprime if for any ideal element a of S such that a 2 ≤ m we have a ≤ m. An element m of a poe-groupoid S is called prime if for any elements a, b of S such that ab ≤ m we have a ≤ m or b ≤ m. It is called semiprime if for any element a of S such that a 2 ≤ m we have a ≤ m. For a ∨e-semigroup S and an element a of S, we denote by i(a) the ideal element of S generated by a, and we have i(a) = a ∨ ea ∨ ae ∨ eae. Proposition 3.1. Let S be a ∨e-semigroup and m be an ideal element of S. The following are equivalent:
(1) m is weakly prime.
Proof. (1) =⇒ (2). Let a, b ∈ F r such that ab ≤ m. We consider the ideal elements i(a) and i(b) of S generated by a and b, respectively, and we have
Since m is weakly prime and i(a), i(b) are ideal elements of S, we have i(a) ≤ m or i(b) ≤ m, thus we have a ≤ m or b ≤ m and property (2) holds.
(1) =⇒ (3). Let a, b ∈ F l and ab ≤ m. We have
(1) =⇒ (4). Let a ∈ F r , b ∈ F l and ab ≤ m. We have (1) and (4) ⇒ (1) are obvious and they hold in po-groupoids in general. (1) m is weakly semiprime.
The implications (2) ⇒ (1) and (3) ⇒ (1) are obvious and they hold in po-groupoids in general.
Applications to semigroups, Γ-semigroups and to hypersemigroups
In this section, we apply the above results to semigroups, Γ-semigroups, and to hypersemigroups.
Let us begin with a semigroup. As an application of Proposition 3.1 to semigroups, we have the following corollary. (1) M is weakly semiprime.
We apply now Proposition 3.1 to Γ-semigroups. (1) M is weakly prime. (1) M is weakly semiprime.
Finally, we apply Proposition 3.1 to hypersemigroups. (1) M is weakly prime.
is a right ideal and B a left ideal of S such that
Proof.
(1) =⇒ (2). Let A, B be right ideals of (S, •) such that A * B ⊆ M . By Lemma 2.5, the set P * (S) of all nonempty subsets of S with the multiplication A • B := A * B and the inclusion relation "⊆" is a ∨e-semigroup; the set M is a weakly prime ideal element of (P * (S), •, ⊆) and A, B are right ideal element of (P * (S), •, ⊆) such that A • B ⊆ M . By Proposition 3.1(1) ⇒ (2), we have A ⊆ M or B ⊆ M and property (2) holds. The rest of the corollary can be proved at a similar way. Similarly, applying Proposition 3.2 to hypersemigroups, we get the following corollary. (1) M is weakly semiprime.
If we want to obtain the results of this section independently, then their proof is on the line of the corresponding proofs of the ∨e-semigroups given in the previous section.
On ordered semigroups
If S is an ordered semigroup then, for any nonempty subsets A and B of S, we have Proof.
(1) =⇒ (2). Let A, B be right ideals of S such that AB ⊆ M . We consider the ideals I(A) and I(B) of S generated by A and B respectively. We have Although for an ordered semigroup (S, ·, ≤), the set P(S) is again a ∨e-semigroup, one can easily check that Proposition 3.1 cannot be applied to ordered semigroups and an independent proof of Proposition 5.1 is needed; though its proof is again on the line of Proposition 3.1. (1) M is weakly semiprime.
Note. The results on semigroups, that is Corollaries 4.1 and 4.2 can be also obtained as application of the corresponding results of this section. As an example, suppose (S, ·) is a semigroup, M a weakly prime ideal of (S, ·) and A, B be right ideals of (S, ·) such that AB ⊆ M . We endow (S, ·) with the order ≤= {(x, y) | x = y}. Then (S, ·, ≤) is an ordered semigroup, the set M is a weakly prime ideal of (S, ·, ≤) and A, B are ideals of (S, ·, ≤) such that AB ⊆ M . By Proposition 5.1(1) ⇒ (2), we have A ⊆ M or B ⊆ M and property (2) of Corollary 4.1 is satisfied (see also [7, 8] ; the introduction). (1) M is weakly semiprime.
On ordered Γ-semigroups
The results on Γ-semigroups, that is Corollaries 4.3 and 4.4 can be also obtained as application of the corresponding results of this section in the way indicated in the Note of section 5. (1) M is weakly prime.
On ordered hypersemigroups
(2) If A, B are right ideals of S such that A * B ⊆ M , then A ⊆ M or B ⊆ M . (3) If A, B are left ideals of S such that A * B ⊆ M , then A ⊆ M or B ⊆ M . (4) If A
is a right ideal and B a left ideal of S such that
Proof. Let us prove the implication (1) ⇒ (4). Let A be a right ideal and B a left ideal of S such that A * B ⊆ M . We have (1) M is weakly semiprime.
The following note is referred to sections 5-7.
Note. To pass from ordered semigroups to ordered Γ-semigroups or to ordered hypersemigroups, it is enough to put a "Γ" or " * " in the appropriate place.
8. Another characterization of weakly prime ideal elements-ideals Proof. Let a, b ∈ S such that aeb ≤ m. Then we have (eae)(ebe) ≤ e(aeb)e ≤ eme ≤ m. Since eae, ebe are ideal elements of S and m is weakly prime, we have eae ≤ m or ebe ≤ m. (1) m is weakly prime.
(2) For every a, b ∈ S such that aeb ≤ m, we have a ≤ m or b ≤ m.
Clearly, the analogous for semigroups, Γ-semigroups and hypersemigroups also holds. An ideal M of an hypersemigroup (S, •), for example is weakly prime if and only if for any nonempty subsets A, B of S such that A * S * B ⊆ M , we have A ⊆ M or B ⊆ M . This is equivalent to saying that for any a, b ∈ S such that a * S * b ⊆ M we have a ∈ M or b ∈ M . In the last characterization, if we delete the operation " * " and put "·" instead, then this is the definition of a weakly prime ideal of a semigroup given by Petrich in [17; II.3.1 Definition]. Petrich uses the terms "prime", "completely prime" while we use the terms "weakly prime", "prime".
In the rest of this section, we consider the case of ordered semigroups, ordered Γ-semigroups and ordered hypersemigroups. The above results on ordered semigroups can be transferred to ordered Γ-semigroups (resp. ordered hypersemigroups) by putting a "Γ" (resp. " * ") in the appropriate place and we have the following results. (1) M is weakly semiprime.
Since (SAS], (SBS] are ideals of S and M is weakly prime, we have (SAS]
(2) For any subset A of S such that (ASA] ⊆ M , we have A ⊆ M .
